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In this paper copulas are used to generate novel bivariate discrete distributions.
These distributions are fitted to soccer data from the English Premier League.
An interesting aspect of these data is that the primary variable of interest, the
discrete pair shots-for and shots-against, exhibit negative dependence; thus in
particular we develop bivariate Poisson-related distributions that allow such
dependence. The paper focuses on Archimedian copulas, for which the
dependence structure is fully determined by a 1-dimensional projection that is
invariant under marginal transformations. Diagnostic plots for copula fit based
on this projection are adapted to deal with discrete variables. Covariates relating
to within-match contributions such as numbers of passes and tackles are
introduced to explain variability in shot outcomes. The results of this analysis
would appear to support the notion that playing the “beautiful game” is an
effective strategy—more passes and crosses contribute to more effective play
and more shots on goal.
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1. Introduction

Soccer is the most popular spectator sport in the world. From South America to Eastern
Europe, Africa to Asia, fans are fanatical and television companies compete strongly to
win the rights to broadcast games. Huge sums of money are involved, from players
wages to transfer fees. And why does the game generate such interest? The simplicity of
the objectives and rules, the uncertainty in match outcome - authors have proposed
many explanations, see, for example, KONING (2000) and SZYMANSKI (2003).
Ultimately, a team has to shoot at a goal in the hope the ball enters the goal. A shot can
arise in many ways, but it is generally thought that passing the ball helps to create
shooting opportunities. But what is the relationship between passes and shots? Further,
what are the relationships with other variables, such as crosses, tackles and dribbles? In
contrast to other team sports such as baseball, cricket and American Football, soccer
does not generate a plethora of data relating to the individual components of play that
make up a match. What data are available relate mainly to match results. Within game



data are scarce but we have obtained a comprehensive data set on within-game actions
for matches in the English Premier League. Our aim here is to shed light on what
exactly successful teams do.

As a consequence of data paucity, much of the literature on soccer has focused on
forecasting match outcome. Two alternative approaches model results directly or
indirectly. Direct models analyse actual match results, i.e. win, draw or loss, usually
looked at from the perspective of the home team, whereas the indirect forecast generates
probabilities for the number of goals scored by the home team and by the away team
and probabilities of win, loss or draw are inferred from these. The direct approach has
typically been implemented using an ordered probit model. This approach has proved
popular amongst economists, see, for example, DOBSON and GODDARD (2001). The
indirect approach models goals scored by each team by employing bivariate Poisson-
related models (MAHER, 1982; DIXON and COLES, 1997; KARLIS and
NTZOUFRAS, 2003).

In this paper we focus not on forecasting, but on explaining match outcome.
Specifically, we ask the question: what actions during a game characterise winning
teams? In contrast to most of the current literature, we neither model actual match result
nor goals for and against. We model the shots each team makes during a game. As
POLLARD and REEP (1997) noted, a shot on goal by a team can be used as a measure
of the effectiveness of a team’s possession. By modelling shots using fundamental
actions, such as number of passes or crosses, which occur during the course of a match,
we provide an insight into which actions improve a teams’ effectiveness whilst in
possession.

To model shots for and shots against we could employ one of the bivariate Poisson
related models used by, for example, GODDARD (2005) when modelling goals.
However, one key difference in the relationship between shots for the home team and
shots for the away team, in contrast to that between goals for the home team and goals
for the away team, is that goals by the two teams display only slight positive or no
correlation whereas shots are significantly negatively correlated. It should be noted
however, that although goals may not be correlated, there exists some dependence, as
demonstrated in DIXON and COLES (1997). The bivariate Poisson models employed
to date (GRIFFITHS and MILNE, 1978; BERKHOUT and PLUG, 2004) do not allow
for a negative dependence structure, therefore rendering them inappropriate for our
purposes. Consequently, it is necessary to seek out an appropriate bivariate discrete
distribution, not necessarily having Poisson marginals, which can reproduce not only
positive dependence structures, but also negative dependence structures. A natural way
forward is to consider copula functions (NELSEN (2006)) to generate various bivariate
discrete distributions. It should be noted that extension to the case of multivariate
distributions can also be considered.

This paper is structured as follows: Section 2 provides the theoretical
underpinnings of copulas and their use in the models employed here. The data we have
modelled is then described in Section 3. Section 4 presents the results of fitting the



bivariate distributions to our shots and goals data and Section 5 gives the results of our
regression models based on the bivariate distributions. Finally some conclusions are
offered in Section 6.

2. Copulas

A copula is a multivariate distribution with all univariate marginal distributions being
uniformly distributed on the unit interval, [0,1]; hence C is the distribution of a
multivariate uniform random vector. For a bivariate distribution F with margins F, and
F,, the copula associated with F is a distribution function C:[0,1]" —[0,1] that
satisfies

F(x.y)=C{R(x).F,(N} (xy)eR". 1)

The copula C is uniquely determined on the unit square whenever F, and F, are
continuous. The copula itself characterises the dependence between the random
variables X and Y with marginal distributions F, and F,. Thus the copula representation
(1) resolves the joint distribution into the marginals F, and F, and the dependence
structure C. When X and Y are discrete random variables taking values on some lattice,
Q, the copula, C, is unique provided (x, y) € Q but not elsewhere; this non-uniqueness
is of no consequence however since the region outside Q is not of interest in the
discrete case (NELSEN, 2006). The representation (1) and uniqueness follows
essentially from a multivariate extension to the probability integral transformation (JOE,
1997).

Copulas may be constructed in a number of ways. One method that lends itself to
the modelling that we consider in this paper is as follows. Let M be a univariate
distribution function of a positive valued random variable and let ¢ be its Laplace
transform:

#(s) = j: exp(—st)dM (t), $>0. )

Now for an arbitrary univariate distribution function F, there exists a unique distribution
function G such that

F(x) :jowGW(x)dM (w) =¢{-1ogG(x)}. (3)

Rewriting (3) leads to G(x) = exp{—¢ *(F)}. Next, consider the bivariate case and let
G, (x) = exp{-¢ *(F.)} for i=1,2. Then

f: G,"(X)G,"(Y)dM (W) = ¢{-log G, (x) ~ log G, y)}= #{¢ " (R) +¢ ' (F,)}

is a bivariate distribution function. The copula is obtained on taking U(0,1) distribution
functions for F; and F:



Cuv)=¢{g"(u)+¢"(V)}. (4)

This rather simple form is called the Archimedian copula. From (2), a sufficient
condition for ¢ to be a Laplace transform family is that it is a convex function such that
#(0)=1, ¢(0)=0. Thus to generate an Archimedian copula, and hence a bivariate
distribution, one seeks a generator function ¢ with these properties. Furthermore, a
sufficient condition for the resultant copula (4) to have negative dependence is that
¢ (e’?) is concave in z (JOE, 1997).

To model a range of dependence, a flexible family of generator functions ¢,_,
parameterised by a dependence parameter x, can be used. Two Archimedian copula
families that allow negative dependence (for certain values of x) arise from the
generator functions ¢_(s)=x"log{l+(e*-1)e*} and ¢_(s)=(L—«s)"*. These are
respectively Frank’s (F) copula,

Cu,v)=—x"log{l-(1-e™)(1-e™)/1-e")}, (xeNR), (5)
and Kimeldorf and Sampson’s (KS) copula
C(u,v)=max{(u™ +v*-1)"* 0}, (keR). (6)

NELSEN (2006) refers to this latter copula as the Clayton copula.

For any copula, C(u,v)<C(u,))=u and C(u,v)<C(@,v)=v (all 0<u,v<1),
and so C(u,v) <min(u,v) = M(u,v). The copula M (u,v) is called the Frechet upper
bound and can be interpreted as the copula with maximum positive dependence (Figure
1a). Furthermore, C(u,v) > max(u+v-210)=W(u,v) (all 0<u,v<1); W(u,v) is the
Frechet lower bound, the copula with maximum negative dependence (figure 1c). The
copula families (5) and (6) are comprehensive: that is, they include the Frechet upper
and lower bounds. Further, the so-called independence copula, IT(u,v) =uv (Figure
1b), with generator function y, , =slogs, is obtained as x — 0.

INSERT FIGURE 1 a, b and ¢ HERE.

It is useful to measure the coverage of a copula family in terms of a standard
measure of dependence, such as Kendall’s 7, since not all copulas are comprehensive.
Note that because Kendall’s 7 is based on ranks and is therefore invariant to a strictly
increasing transformation of the margins, its properties depend only on the copula of the
bivariate distribution. Furthermore r e[-11] and 7=-1 for W, z=+1 for M , and
7=0 for IT (the Frechet lower and upper bounds, and independence copula). For an
Archimedian copula, Kendall’s 7 takes the simple form

1
7:4_|.01//K(s)ds+1,

where , (s) = ¢ (5) I{d4" 1 ds}. For the copula
Cu,v)=u{l-x(1-uw)(@A-V}"' (-1<x<1),



for example, with generator ¢_(s)=(1—«)/(e° —«), 7 <1/3, and the copula family is
not comprehensive. For the Kimeldorf-Sampson copula (6), 7 = x/(x + 2), and thus 7
takes the full range of values, [-1,1], for this family.

There are a large number of Archimedian copula families (NELSEN, 2006,
p.116). The choice of a copula family can be guided by the (dependence) properties of
that family. Some properties are as follows. Copulas may be reflection symmetry—if
specification of the joint survival function in terms of the copula gives rise to the same
distribution as specification in terms of the distribution function, then the copula is
reflection symmetric. Copulas may be: comprehensive or otherwise; extendable to more
than 2 dimensions. They may also exhibit: varying degrees of upper and lower tail
dependence; only negative or positive dependence structure. Copula families may be
specified by more than one parameter in order to model dependence structure in more
detail. NELSEN (2006) and JOE (1997) discuss a number of Archimedian copulas
generated by multi-parameter Laplace transform families.

We concentrate here on Frank’s copula (6) and Kimeldorf and Sampson’s copula
(7) for specifying bivariate discrete distributions. For example, a bivariate Poisson
distribution with Frank’s copula is given by

ol ol

1
ny (x,y):—zlog 1- (1—67'() (7)

where x,y=0,1,..., 2,4, >0, and —oo < x <oo. This distribution has marginal means
4, and u,, a dependence parameter x and negative dependence for x<0. The
marginal distributions are independent when x =0. Bivariate geometric and negative
binomial distributions may be obtained in a similar manner by replacing u and v in (5)
and (6) by the appropriate marginal distribution functions. Using negative binomial
distributions as the marginals results in a flexible bivariate distribution which can
capture over or under dispersion in the margins, and dependence. Together with the
bivariate Poisson distribution (7) and it’s equivalent but with the Kimeldorf-Sampson
copula, these distributions form the focus of the rest of this paper. We have also fitted
bivariate geometric distributions to the data, but results suggest a poor fit in comparison
with the alternatives. The parameterisation for the negative binomial distribution used
here is given by

f (X;,u,O')=ﬂ—X 1"((7—+x)(1+ ﬂjg

KT (o)(uro) U o

(o}
where u isthe mean and o is a scale parameter.
We thus consider four bivariate distributions generated from two copulas and two
pairs of marginal distributions, denoted by Fep, Fnpnn, KSpp and KSppnp, representing



Frank’s copula with Poisson marginals, Frank’s copula with negative binomial
marginals, Kimeldorf and Sampson’s copula with Poisson marginals and Kimeldorf and
Sampson’s copula with negative binomial marginals, respectively.

Given a bivariate discrete distribution specified in terms of marginal distributions
F(x;0;) and F,(y;0,) and copula C(u,v;x), the likelihood function for the
parameters (84,0,,x) given a datum (x;,Y;)is

L{(01,05,x),(X;, ¥;)}=Pr(X =x;,Y =y;) = C{F (x;), F2 (yi)}
—C{F(Xi —1), Fa(yi)} —C{F.(x;), Fo (yi D3+ C{R.(x; - 1), F,(y; -1}

For sample data (X;,Y;), i=1..,n, the log-likelihood, »;logL{(8,,0,,x),(X;,Y;)},
may be maximised in a standard way. This approach therefore opens to model fitting a
wide and rich field of discrete bivariate distributions with general dependence structure.

3. Data

We have obtained data on 1048 soccer matches in the English Premier League during
the period spanning August 2003 to March 2006. The data were collected by the Press
Association for use in calculating the official player ratings system of the English
Premier League and Championship, the Actim Index. The majority of the data is
collected live by observers at the match, and the remainder is collected using post-match
video analysis. For each game we have the following variables for the home and away
teams (subscripted H and A respectively): goals (gu, ga), shots (Su, Sa), tackles won (ty,
ta), blocks (by, ba), clearances (cly, cla), crosses (cry, cra), dribbles (dy, da), passes
made (pn, pa), interceptions (iy, ia), fouls (fu, fa), yellow cards (yn, ya) and red cards
(rH, rA).

4. Results of fitting bivariate distributions to shots

As discussed in the introduction, goals for and against have no significant correlation
whilst shots for and against have significant negative correlation, see Table 1.

Table 1: Correlations for shots and goals

Correlation Corr(sn, Sa) Corr(gu, ga)

Pearson -0.269 (0.000) -0.003 (0.931)
Kendall’s 1 -0.191 (0.000) 0.002 (0.924)
Spearman p -0.265 (0.000) 0.003 (0.928)

p-values in parenthesis



Previous studies have used bivariate Poisson models for goals, allowing for
positive dependence. However, our data suggest no evidence of positive correlation.
The key finding is the negative correlation between home team and away team shots.
Table 2 summarises the fits of each of the four bivariate models for shots, with
parameter estimates, the corresponding standard errors, the log-likelihood (LL) and the
Akaike Information Criterion (AIC) all being shown.

Table 2: Summary results for bivariate models fitted to shots data

Parameter Fep KSpp Fnbnb KSnbnb

K -1.367 (0.009) -0.073(0.012) -1.704 (0.196) -0.123(0.016)
i (Sw) 12.696 (0.009) 12.686 (0.009) 12.743(1.011) 12.750 (1.011)
W (sa) 9.603 (0.010)  9.595(0.010) 9.638(1.014)  9.645(1.012)
o1 17.802 (1.112) 18.097 (1.113)
lop) 11.293 (1.101) 11.364 (1.102)
LL -6205.074 -6231.897 -5996.162 -6019.770
AIC 12416.148 12469.794 12002.324 12069.540

Standard errors are shown in parenthesis.

As can be seen from Table 2, Frank’s copula with negative binomial marginals
provides the best fit to the shots data. The parameters x and g, give the fitted
marginal means for home team shots and away team shots respectively. The actual
means are 12.734 and 9.623, suggesting very reasonable fits.

We now consider diagnostics plots. For an Archimedian copula,
C.(u,v) =¢ {6 (u) + ¢.*(v)}, GENEST and RIVEST (1993) show that

K(s) =Pr{C,(u,v) < s}=s-¢(s) {dg;" / ds}. (8)
K (s) is called the Kendall distribution function of the copula C,.. Equation (8) implies
that C,_. is uniquely determined by the 1-dimensional projection

7 E) :¢,§1(s) /{d¢,§1/ds}. Thus, to consider the fit of a copula, one can compare
v, (S) with its empirical estimator (sample equivalent). The sample equivalent of the
copula C is the proportion of observations in the sample that are less than or equal to
(X;,Yy;), component wise, for all i=1,...,n, denoted by C,(x;,y;) (i=1...,n). Since
dependence between variables X and Y is completely characterised by the copula C, this
1-dimensional projection is independent of the marginal distributions and we may
proceed as if the marginal distributions were U(0,1). Letting

Si:#{(Xj’yj):xjSxi’ngyi)}/(n_l)1 (9)

it follows that #(i:s; <s)/n, (0<s<1), isan empirical estimator of K(s), which in
turn implies using v, (s) =s—#(i:s; <v)/n, (0<s<1), as an empirical estimator of
v . (S). The sampling properties of y,(s) are investigated by GENEST and RIVEST



(1993). They show that w,(s) is a consistent estimator of w,.(S), and determine an
explicit expression for the sampling variance of w,(s) when C is from the Kimeldorf-
Sampson family of copulas. This variance is given by

[(s=y(s)(2-s+w(s)+(1-v'(s))((1-¥'(s))R(s)-25(1-5+y (5))) ]

n

var{y, (5)} -
(10)

where

2KS {K(Z —s* )2_]/’( + (1— S")(l— 2ic) - K‘}

(1-x)(1-2x)(1-s")

R(s)=

A simple diagnostic procedure then applies: plot w,(s) (0<s<1), along with
approximate confidence bands

v, (8) £ 2 Vvary, (5) (1)

for the unknown w,.(s) with vary, (s) given by (10) (for suitably chosen z=1.96,
say). The closed form expression for vary,(s) for the Kimeldorf-Sampson family
provides a convenient approximation for other copula families. The maximum
likelihood estimator of y(s;&) (. (s) with « set to its maximum likelihood estimate)
may then plotted and compared with the envelope (11) for the unknown y,.(S) .

For Frank’s copula, we have ¢_(s) =« log{L+ (e —1)e°}, whence

¢—1(S; /2) = —|Og[]i—_ee—_s’fj

and

d¢_1 B _le—sr?
ds 1-e"°

For discrete data, equation (9) presents a difficulty however due to the likely large
number of ties, and resultant distortion of the plots. We propose a simple solution: add a
uniform random number, U(—0.5,0.5), independently to each margin of the observed
data to produce a corresponding pseudo-continuous dataset, and proceed as for the
continuous case. Figure 2 shows the diagnostic plot for both the Fypnp and KSpnp fitted
models.

INSERT FIGURE 2 HERE
Also plotted is the empirical estimate, y,, with upper and lower 95% confidence

intervals (equation 10) and the curve for the independent copula, y,, =slogs. As can
be seen from the figure, the fitted Kimeldorf-Sampson copula lies outside the



confidence interval whilst the fitted Frank copula lies comfortably inside. The
independent copula lies even further outside the confidence intervals.

An alternative procedure is rather than calculate a confidence interval on v, (s),
calculate a confidence interval for w(s; /2) using the delta method. Thus we have,

var {y (s;£)} = (jvf T var {x},

K

where

dy se¥ 1 " 1-e*) s (1-e¥
dg= z +F(1—e )Iog{l—Aj‘l‘E-Fu

¢ * ﬁ(l—eﬁ) '

with var{z%} calculated from the Hessian matrix from the estimation procedure. Figure
3 shows w(s;z%) for the Fnony model, an approximate 95% confidence interval for
w(s;k) as calculated using the delta method, and the empirical estimate, v, (s).
Again, it is clear that the Fnpp model and the data are in agreement, suggesting the
model is more than appropriate for the data.

INSERT FIGURE 3 HERE.

Finally, Figure 4 shows a scatter plot for the pseudo-continuous shots data and
contour and surface plots of the fitted Fnpnp distribution. The two plots seem very much
in agreement. Note that the distribution is not continuous as the surface plot would
suggest; the plot is included for illustrative purposes only

INSERT FIGURE 4 HERE.

5. Regression models

A natural way forward is to use covariates in a link function for the mean term of the
marginal distributions to produce regression models. Such regression models have been
estimated for each copula/marginal distribution pair, and again we find that the Fppnp
model provides the best fit to our data. We regress the two marginal means on
covariates, as

Iog(yij):x“./i’i i=12,

where i denotes the home and away, j represents the j™ observation, x is a row vector of
covariates for the j™ observation and S, is a column vector of regression coefficients to
be estimated.



The model parameters have been estimated by maximising the log-likelihood,
using various routines written in R (R DEVELOPMENT CORE TEAM, 2005). A
pseudo-backward stepwise regression method was adopted to provide the best fitting
model. For example, if we consider the home team, only variables over which they
could have reasonable control were included in the original model, i.e. if the team could
make a conscious effort to do more of the action, then the variable was included as a
covariate for that team’s mean shots. Thus the following variables were not included in
the model, because a team only does these actions in response to the opposition’s
actions: blocks, clearances and interceptions. The remaining variables were all used as
covariates in the first estimation. The least significant variable was then removed and
the model refitted. Among the variables dropped were dribbles, yellow and red cards,
probably because these events occur relatively infrequently in the data. Further, with
regards to red cards, although experience tells us they have an impact on a game, they
are rarely given early enough in a game to allow the team with the extra man to take full
advantage and create many more shooting opportunities. The final model is given in
Table 3.

In comparison to the independent model, x =0, a likelihood ratio test gives a test
statistic of 4.208, significant at the 95% level. In addition the AIC also suggests the
dependence model is better than the independent model. The parameter estimates have
the expected signs, although it is interesting to note that tackles won have a negative
impact on that team’s number of shots. This is not altogether unexpected, as a team
which is forced to make many tackles is less likely to have possession of the ball,
suggesting the opposition are the dominant force in the game. One can also examine the
relative contributions to shots. For example, if one were assessing two players’
performances, a cross by one player could be considered to be equivalent to around 10
passes, in terms of the contribution of these actions to their teams’ shots on goals. The
key findings are:

o Away team crosses are more likely to be converted to a shot. This may be a
consequence of home teams typically adopting a more attacking strategy than
away teams.

o Similarly, passes by the away team contribute more to shots than passes by the
home team.

o Fouls called against the home team have a greater negative impact on shots than

for the away team.
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Table 3: Estimated parameters for covariate model

Model Fronb COvariate model  Independent
covariate model

Parameter Estimate Estimate

o1 3.485 (0.177) 3.508 (0.183)

Bon 2.291 (0.070) 2.249 (0.069)
Cry 0.011 (0.001) 0.011 (0.001)
PH 0.001 (0.000) 0.001 (0.000)
t -0.002 (0.001) -0.002 (0.001)
fiy -0.011 (0.003) -0.010 (0.003)
o 3.078 (0.154) 3.113 (0.164)
Boa 1.848 (0.076) 1.766 (0.076)
Cra 0.017 (0.002) 0.017 (0.002)
Pa 0.002 (0.000) 0.002 (0.000)
ta -0.005 (0.002) -0.005 (0.002)
fa -0.005 (0.003) -0.003 (0.003)
K -0.351 (0.207)

Log-likelihood -5812.043 -5814.147
AIC 11650.086 11652.294

Our results would seem to provide evidence that the beautiful game works — more
passes and crosses contribute to more successful periods of ball possession, i.e. result in
a shot. And in answer to the original question posed, what actions characterise
successful teams? More passes and crosses do. This result may also suggest the
infamous “long-ball” approach to football employed by some teams is less effective in
producing shooting opportunities, since, by its very nature, the long-ball has reduced the
number of passes.

6. Closing remarks

Copulas provide a rich source of models for multivariate data. Two particular copula
families have been used in this paper to generate bivariate Poisson and negative
binomial distributions with flexible dependence structure. These discrete distributions
have proved here to be very effective in capturing the negative dependence found in
shots data for soccer matches. Frank’s copula with negative binomial marginals has
been shown to be the most appropriate model for the shots data, with and without
covariates that relate to within-match events. The covariate model suggests that playing
the “beautiful game” is an effective strategy—more passes and crosses contribute to
more effective play (more shots)—and that successful teams are characterised by more

11



passing and crossing. With within-match events recorded by player, the covariate model
could also be used to assess the relative contributions of players to match outcome
measures that relate to successful play, and thus form the basis of a system for the
ranking outfield players. It might also be developed in order to predict match results,
taking account of team selections and players positional roles.

Copula functions may have many other interesting applications in future studies of
sports’ issues. For instance, copulas could be employed for modelling results in a
tournament or a series of annual contests, say. In the latter case, bivariate Bernoulli
distributions with general dependence structure might be used to model serial
dependence in a sequence of matches of the kind considered by BAKER and SCARF
(2006). Similarly, multivariate Bernouilli distributions might be used to model
dependence structure in the outcomes of a round-robin such as the Six-Nations rugby
tournament or the group-stages of a sports tournament—such a model might be used to
predict the outcomes of matches in the latter part of a group-stage given the results in
the group-stage to date.
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Figure 1a: Surface and contour plot of the Frechet upper bound, M (u,v).
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Figure 1b: Surface and contour plots for the independence copula, [1(u,Vv).
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Figure 1c: Surface and contour plot of the Frechet lower bound, W (u, V) .
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Figure 2: Diagnostic plot for copula fit: solid line = y,,,, bold dotted=y, (s),
dotted=approx. 95% confidence interval for v, (s) , dashed = KSpnp yx(s;z%), long dash
= Fronb W(S;I’(\‘)
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Figure 3: Diagnostic plot for copula fit: solid line = Fnpnp W(s;z%) , bold dotted =
v, (s) , dashed = approx. 95% confidence interval from delta method for y/(s;zé)
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Figure 4: Scatter plot of pseudo-continuous shots data and fitted Fpynp distribution,
surface and contour plots.
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